Tests of Significance—
Chi-Square and Slape

* Chi-Square Test for Goodness of Fit
fe Chi-Square Test for Independence

| * Chi-Square Test for Homogeneity
of Proportions

* Hypothesis Test for Slope of Least

Squares Line

n this topic we continue our development of tools to analyze data. We learn about
inference on distributions of counts using chi-square models. This can be used to

and staff show the same
istributions in types of cars driven?” (homogeneity test). We then learn about

nference with regard to linear association of two variables. This can be used to solve
uch problems as “Is there a linear relationsh

aper and the number of pages turned in?”

HI-SQUARE TEST FOR GOODNESS OF FIT

¢pancies and make judgments as to the goodness of fit.
‘One approach s similar to that developed earlier. There is the null hypothesis of
good fit, that is, the hypothesis that a given theoretical distribution correctly
escribes the situation, problem, or activity under consideration. Our observed data

pothesis is really true. Finally, if the chance is too small, we reject the null hypoth-
is and say that the fit is not a good one. ’
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beginning. Furthermore, since, for example, an observed difference of 23 is more
significant if the original values are 105 and 128 than if they are 10,602 and 10,625,
we must appropriately weight each difference. Such weighting is accomplished by
dividing each difference by the expected values. The sum of these weighted differ-
ences or discrepancies is called chi-square and is denoted as X2 () is the lowercase

Greek letter chi):

(obs - exp)2

2 =
x exp
The smaller the resulting y2-value, the better the fit. The P-value is the probability
of obtaining a 2 value as extreme as the one obtained if the null hypothesis is
assumed true. If the %2 value is large enough, that s, if the P-value is small enough
we say there is sufficient evidence to reject the null hypothesis and to claim that the
fit is poor.
To decide how large a calculated % 2-value must be to be significant, that is, to
choose a critical value, we must understand howy2-values are distributed. A7y?-dis
tribution is not symmetric and is always skewed to the right. There are distincty?-
distributions, each with an associated number of degrees of freedom (4f). The
larger the dfvalue, the closer they2-distribution to a normal distribution. Note, for
example, that squaring the often-used zscores 1.645, 1.96, and 2.576 results in
2.71, 3.84, and 6.63, respectively, which are entries found in the first row of they?-
distribution table. '

df=1

df=4

df=6

A large y2-value may or may not be significant—the answer depends on which
y2-distribution we are using. A table is given of critical 2-values for the more com-
monly used percentages or probabilities. To use they?-distribution for approxima-
tions in goodness-of-fit problems, the individual expected values cannot be too
small. An often-used rule of thumb is that no expected value should be less than 5.
Finally, as in all hypothesis tests we've looked at, the sample should be randomly
chosen from the given population.
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In a recent year, at the 6 p.m. time slot, television channels 2, 3, 4, and 5 captured the entire
audience with 30%, 25%, 20%, and 25%, respectively. During the first week of the next sea-
son, 500 viewers are interviewed. ~

a. If viewer preferences have not changed, what number of persons is expected to
watch each channel?
Answer: .30(500) = 150, .25(500) = 125, .20(500) = 100, and .25(500) = 125, so we
have

Channel
2 3 4 5

Expected number 150 125 100 125

b.  Suppose that the actual observed numbers are as follows:

Channel
2 3 4 5

Observed number 139 138 112 11

Do these numbers indicate a change? Are the differences significant?
Answer: Check the conditions:

1. Randomization: We must assume that the 500 viewers are a representative
sample.
2. We note that the expected values (150, 125, 100, 125) are all > 5.

Hy: The television audience is distributed over channels 2, 3, 4, and 5 with percent-

ages 30%, 25%, 20%, and 25%, respectively.
Ha: The audience distribution is not 30%, 25%, 20%, and 25%, respectively.

We calculate

» _X(obs——exp)2
z= exp
2 2 2
(139-150)" (188-125)" (112-100)
= + +
150 125 100
(111-125)°
125
=5.167
Then the P-value is P = P(x2 > 5.167) = .1600. [With df = n— 1 = 3, the TI-84 gives

x2cdf(5.167,1000,3) = .1600, or a direct test for goodness of fit can be downloaded
onto older Tl-84+ calculators and comes preloaded on mosti]
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Conclusion:

With this large a P-value (.1600) there is not sufficient evicence to reject Hp. That is, ‘
there is not sufficient evidence that viewer preferences have changed.

=.,1600 —
5.167 %2

Note: While the TI-83 does not have the goodness of fit download that is available on
the TI-84, one can still use a TI-83 to calculate the above %2 by putting the observed
values in list L1 and the expected values in L2, then calculating (L1 — L2)2L2 - L3
and y2 = sum(L3), where “sum” is found under LIST — MATH.

R

A grocery store manager wishes to determine whether a certain product will sell equally well
in any of five locations in the store. Five displays are set up, one in each location, and the
resulting numbers of the product sold are noted.

Location
1 2 3 4 5
Actual
number sold 43 29 52 34 48

Is there enough evidence that location makes a difference? Test at both the 5% and 10%
significance levels.

Answer:

Hg: Sales of the product are uniformly distributed over the five locations.
Ha: Sales are not uniformly distributed over the five locations.

Atotal of 43 + 29 + 52 + 34 + 48 = 206 units were sold. If location doesn't matter, we would
expect z—?,ﬁ = 41.2 units sold per location (uniform distribution).

Location
1 2 3 4 5
Expected
number sold 41.2 41.2 41.2 41.2 41.2

Check the conditions:

1. Rahdomization: We must assume that the 206 units sold are a representative sample.
2. We note that the expected values (all 41.2) are all =2 5.
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Chi-Square Test for Independe

Thus
»_ (43~ 412f L (2o-412) , (2= 412
z= 412 412 412
(34-412° (48 41.2)°
Foi—ee—— A )
41.2 412
=8903
The number of degrees of freedom is the number of classes minus 1ithatis, df=5-1 = 4,
The Pvalug is p = P(x?>8.903) =

-0636. [On the Ti-84: x2cdf(8.903,1000,4).]
With P = 0636 there is sufficient evidence to reject Hp at the 109

level. If the grocery store manager is willing to accept a 10% chance
error, there is enough evidence to clajm location makes a difference,

level but not at the 5%
of committing a Type |

CHI-SQUARE TEST FOR INDEPENDENCE

In the goodness-offi¢ problems above, 3 ser of expectations was based on ap
assumption about how the distribution should tugn out. We then tested whether an
observed sample distribution could reasonably have come from 4 larger set based on
the assumed distribution,
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two variables, we are 7ot justified in claiming that one causes the other. For example, we
may demonstrate a relationship between salary level and job satisfaction, but our meth-
ods would not show that higher salaries cause higher job satisfaction. Perhaps an
employee’s higher job satisfaction impresses his superiors and thus leads to larger increases
in pay. Or perhaps there is a third variable, such as training, education, or personality, that
has a direct causal relationship to both salary level and job satisfaction.

In a nationwide telephone poll of 1000 adults representing Democrats, Republicans, and
Independents, respondents were asked two questions: their party affiliation and if their con-
fidence in the U.S. banking system had been shaken by the savings and loan crisis. The
answers, cross-classified by party affiliation, are given in the following contingency table.

Confidence Shaken

Observed Yes No No opinion
Democrats 175 220 55
Republicans 150 165 35
Independents 75 105 20

Test the null hypothesis that shaken confidence in the banking system is independent of
party affiliation. Use a 10% significance level. )

Answer:

Hg: Party affiliation and shaken confidence in the banking system are independent.
H,: Party affiliation and shaken confidence in the banking system are not independent.

The above table gives the observed results. To determine the expected values, we must first
determine the row and column totals:

Row totals: 175 + 220 + 55 = 450,
150 + 165 + 35 = 350,
75 + 105 + 20 = 200.

Column totals: 175 + 150 + 75 = 400,
220 + 165 + 105 = 480,
55 + 35 + 20 = 110.

Yes No No opinion
Democrats 450
Republicans 350
Independents 200
400 490 ° 110

r

To calculate, for example, the expected value in the Qpper left box, we can proceed in any

of several equivalent ways. First, we could note that the proportion of Democrats is
450
1000

.45(400) = 180. Instead, we could note that the proportion of yes responses is A0 =4 and

=.45; and so, if independent, the expected number of Democrat yes responses is’
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so, if independent, the expected number of Democrat yes responses is .4(450) = 180.

Finally, we could note that both these calculations simply involve %@ =180.

In other words, the expected value of any box can be calculated by multiplying the corre-
sponding row total by the appropriate column total and then dividing by the grand total. Thus,
for example, the expected value for the middle box, which corresponds to Republican no

. 3503490
responses, is ——-——m)$,0 b=+ 715,

Continuing in this manner, we fill in the table as follows:

Expected
Yes No No opinion
Democrats 180 2205 495 | 450
Republicans 140 171.5 38.5 350
Independents 80 98 22 200
400 490 110

[An appropriate check at this point is that each expected cell count is at least 5]

Next we calculate the value of chi-square:

»_(175-180)" (220-2205)° (55-49 5]
T80 7 2205 T 495
(150-140f" (165-171.5f (35-38.5)
+ + +
140 171.5 385
(75-80)° (100-98) (20-22)
a0 YTt m
=3.024

[On the TI-84, go to MATRIX and EDIT. Put the data into a matrix. Then STAT, TESTS, y2-
Test, will give %2 = 3.0243. Note also that the expected values are automatically stored in a
second matrix.]

Note that, once the 180, 220.5, 140, and 171.5 boxes are calculated, the other expected val-
ues can be found by using the row and column totals. Thus the number of degrees of free-
dom here is 4. Or we calculate

af=(r—1(c-1) =3 - DNB-1)=4
The P-value is calculated to be P = P (x2 > 3.024) = .5538.

With such a large P-value, there is no evidence of any relationship between party affiliation
and shaken confidence in the banking system.

On the TI-Nspire the result shows as:

175 220 55 "Title" "x? 2-way Test" ﬂ
X*2way 150 165 3&|: Statresults ayan 3.02428
75 105 20 "PVal" 0.553771
S df 4
"ExpMatrix" LI
"CompMatrix® "L ]
stat ExpMatrix 180. 2205 495
140. 1715 3858
80. 98 22|
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As for conditions to check for chi-square tests for independence, we should check
that the sample is randomly chosen and that the expected values for all cells are at
least 5. If a category has one of its expected cell count less than 5, we can combine
categories that are logically similar (for example “disagree” and “strongly disagree”),
or combine numerically small categories collectively as “other.”

To determine whether men with a combination of childhood abuse and a certain abnormal
gene are more likely to commit violent crimes, a study is run on a simple random sample of
575 males in the 25 to 35 age group. The data are summarized in the following table:

Not Not
abused, Abused, abused, Abused,
normal normal abnormal abnormal
gene gene gene gene
Criminal behavior 48 21 32 26
Normal behavior 201 79 118 50

a. s there evidence of a relationship between the four categories (based on childhood
abuse and abnormal genetics) and behavior (criminal versus normal)? Explain.

b, s there evidence that among men with the normal gene, the proportion of abused
men who commit violent crimes is greater than the proportion of nonabused men who
commit violent crimes? Explain. :

c. s there evidence that among men who were not abused as children, the proportion
of men with the abnormal gene who commit violent crimes is greater than the pro-
portion of men with the normal gene who commit violent crimes? Explain.

d. Is there a contradiction in the above results? Explain.
Answers:

a. A chi-square test for independence is indicated. The expected cell counts are as fol-
lows:

55.0 22.1 33.1 16.8

194.0 779 | 116.9 59.2

The condition that all cell counts are greater than 5 is met.

Ho: The four categories (based on childhood abuse and abnormal genetics) and behavior
(criminal versus normal) are independent.

H,: The four categories (based on childhood abuse and abnormal genetics) and behavior
{criminal versus normal) are not independent (there is a relationship).

Running a chi-square test gives x2 = 7.752. With df = (r—1)(c— 1) = 3, we get P = .0514.
Since .0514 < .10, the data do provide some evidence (at least at the 10% significance level)
to reject Hp and conclude that there is evidence of a relationship between the four categories
(based on childhood abuse and abnormal genetics) and behavior (criminal versus normal).

b. Atwo-proportion z-test is indicated. We must check that nis large enough: ny p1 = 21
>10, m(1 = p1) =79 > 10, npp2 = 48 > 10, nx(1 — p2) = 201 > 10. We must
assume simple random samples from the target population, since this is not given.
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Ho:p1—p2=0 (where p; is the proportion of abused men with normal genetics who com-
mit violent crimes and ps is the proportion of nonabused men with normal
genetics who commit violent crimes)

Ha: p1~p2>0 (the proportion of abused mer with normal genetics who commit violent
crimes is greater than the proportion of nonabused men with normal genet-
ics who commit violent crimes)

21 _ i 5 _ 48

) . 21+48
=21 _ o4 =193 and p=—21*t48 _ g9
Pi=300 P2 =549 P=T00+ 249
0 =1 98)(.802)(;L+515) = 0472
Soz=212198_ 4 350and P = 350.

0472

With such a large P-value there is no evidence to reject Hp, and thus we conclude that there
is no evidence that the proportion of abused men with normal genetics who commit violent

crimes is greater than the proportion of nonabused men with normal genetics who commit
violent crimes.

¢ Atwo-proportion z-test is indicated. We must check that nis large enough: nypy = 32
>10, m(1 = p1) = 118> 10, nppa = 48 > 10, a1 — P) = 201 > 10. We must assume
simple random samples from the target population, since this is not given.

Ho: p1 —p2 =0 (where p; is the proportion of nonabused men with abnormal genetics who
commit violent crimes and p is the proportion of nonabused men with nor-
mal genetics who commit violent crimes) .
Ha: pr—p2>0  (the proportion of nonabused men with abnormal genetics who commit vio-
lent crimes is greater than the proportion of nonabused men with normal :
genetics who commit violent crimes)

48 32 +48

=352 _ 213 Po=—2=.193 and p=

22+ 38 _ 2005
150 249 150 + 249
o4 = [(2005)(7995)(% + si5) = 0414
Soz=218-2198_ 4e3andp= 315,

0414

With such a large P-value there is no evidence to‘reject Ho, and thus we conclude that there
is no-evidence that the proportion of nonabused men with the abnormal gene who commit

violent crimes is greater than the proportion of nonabused men with the normal gene who
commit violent crimes.

d. There is no contradiction. It is possible to have evidence of an overall refationship
without significant evidence showing in a subset of the categories.

CHI-SQUARE TEST FOR HOMOGENEITY OF
PROPORTIONS

n chi-square goodness-of-fit tests we work with a single variable in comparing a
ingle sample to a population model. In’ chi-square independence tests we work
ith a single sample classified on two variables. Chi-square procedures can also be
Used with a single variable to compare samples from two or more populations. It is
mportant that the samples be simple random samples, that they be taken independ-
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ently of each other, that the original populations be large compared to the sample
sizes, and that the expected values for all cells be at least 5. The contingency table
used has a row for each sample.

‘In a large city, a group of AP Statistics students work together on a project to determine
which group of school employees has the greatest proportion who are satisfied with their
jobs. In independent simple random samples of 100 teachers, 60 administrators, 45 custo-
dians, and 55 secretaries, the numbers satisfied with their jobs were found to be 82, 38, 34,
and 36, respectively. Is there evidence that the proportion of employees satisfied with their
jobs is different in different school system job categories?

Answer:

Ho: The proportion of employees satisfied with their jobs is the same across the various
school system job categories.

Ha: At least two of the job categories differ in the proportion of employees satisfied with their
jobs.

The observed counts are as follows:

Satisfied Not satisfied
Teachers 82 18
Administrators 38 22
Custodians 34 11 : .
Secretaries 36 19

Just as we did in the previous section, we can calculate the expected value of any cell by
multiplying the corresponding row total by the appropriate column total and then dividing by
the grand total. In this case, this results in the following expected counts:

Satisfied Not satisfied
Teachers 73.1 - 269 100
Administrators - 43.8 16.2 60
Custodians 32.9 121 45
Secretaries 40.2 14.8 55
190 70 260

We note that all expected cell counts are >5, and then calculate chi-square:

(obs —expf _(82-73.1 (19-14.8)°

2. = et =8.64
=2 exp 731 14.8 0

With 4 — 1 = 3 degrees of freedom, we calculate the P-value to be P(y? > 8.640) = .0345.
[On the. Ti-84: x2cdf(8.640,1000,3).] With this small a P-value, there is sufficient evidence
to reject Hp, and we can conclude that there is evidence that the proportion of employees
satisfied with their jobs is not the same across all the school system job categories.

Note: On the T1-84 we could also have put the cbserved data into a matrix and used
y2-Test, resulting in x2 = 8.707 and P = .0335.




